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Abstract

This paper addresses the portfolio choice problem of an investor with a
long investment horizon when stock returns are partly predictable. We begin
with a discussion of the predictability of stock returns, both in-sample and
out-of-sample, which allows us to confirm, for several European markets, by
using several macroeconomic variables as predictors, that there is evidence
for in-sample predictability of the dividend-price ratio as well as of inflation.
Out-of-sample prediction is poor. To address the question of the economic
relevance of this weak predictability, we consider a buy-and-hold as well as
a dynamic multi-period investment strategy that follows Barberis (2000) and
which incorporates estimation risk. It is demonstrated that the taking into ac-
count of even weak predictability may lead to significant different allocations.
In particular, for the UK, we demonstrate strong horizon effects and hedging
demand. In the multiperiod allocation, parameter uncertainty is dominated
by the variation in the explanatory variable.

Keywords: Stock returns, Predictability, Estimation risk, Portfolio choice.

JEL classification: C11, C22, C32, C51, C61, G11.

We are most grateful to Ioana Covrig for exceptional research assistance.
Neither the Swiss Finance Institute nor the University of Lausanne necessarily
share the opinion expressed in this paper. This paper was written as a tender
by the Observatoire de l’Epargne Européenne. We are most grateful to the
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1 Introduction

With an ever-increasing life span, there is more and more social responsibility on

institutional investor and pension funds to allocate assets, which have been entrusted

to them, in an optimal manner. Also, the allocation of wealth needs to be made on

a long-term basis, where the institutional investor needs to take into account that

at times markets may boom and at others go through a trough. From an academic

point of view, there is some guidance on how such an allocation may look. Early

work by Samuelson (1969) demonstrates that if asset returns are independent and

identically distributed and if investors preferences do not change over time, then

a simple buy-an-hold strategy is optimal. Merton (1969, 1971, 1973) discusses the

multi-period portfolio allocation under the assumption that returns’ distribution

fluctuates over time. Merton demonstrates that in such a case an investor may have

an incentive to hedge against adverse movements of returns. He also shows that,

if preferences of an investor depend on certain state variables, which may move in

adverse ways, the investor may consider offsetting portfolio allocations. From an

empirical point of view, Campbell and Viceira (1999), Kim and Omberg (1996),

and Watcher (2002) demonstrate the economic relevance of such hedging demands.

Balduzzi and Lynch (1999) incorporate in addition transaction costs and confirm

that hedging demand subsists.

This paper contributes to this literature by considering European markets and

by showing that there is some evidence that asset returns are predictable. This

preliminary research does, however, not yield uniform findings. The UK market is

rather well predicted by the dividend-price ratio (a variable that appears to play

a role also for other markets). For other countries, such as Spain, inflation turns

out to be an additional predictor. Also, as we will establish, out-of-sample pre-

dictability does not remain statistically significant. Thus, at that stage, our work

corroborates the one of Bossaerts and Hillion (1999) and Goyal and Welch (2004),

which demonstrates that there is little predictability in stock returns out-of-sample.

Recent theoretical and empirical work by Cochrane (2001) argues, however, that

based on theoretical grounds returns are predictable. His reasoning is based on

Gordon’s formula relating current prices with future dividends. An algebraic ma-

nipulation reveals then that there exists a causal link between dividend-price ratios

and future returns. Cochrane (2001) also demonstrates that econometric tests of

predictability lack statistical power. Thus, it is not because statistical tests fail to

detect evidence for predictability by dividend-price ratios that there is indeed no

predictability.1

1Many other contributions establish that asset returns are predictable, such as Campbell (1987,
1996), Campbell and Schiller (1988), Fama and French (1988, 1989), Poterba and Summers (1988),
Keim and Stambaugh (1986), Barberis (2000), Lettau and Ludvigson (2001), Ferreira and Santa
Clara (2008), Campbell and Thompson (2008), or Bec and Gollier (2009).
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A related issue that compounds the difficulty to forecast future stock returns is

the uncertainty that surrounds the parameter estimates which are required to cal-

ibrate the portfolio choice models. Intuitively, estimation risk represents an addi-

tional source of uncertainty, which, if incorporated into the portfolio choice model,

should yield more precautious allocations. This problem was already studied by

Williams (1977), Gennotte (1986), and Pastor and Stambaugh (2008). To account

for estimation risk, a Bayesian approach may prove useful. Indeed, Bayesian analysis

provides guidance how information contained in actual data may be combined with

weak prior information to yield better information on the distributional properties

of parameters.

The question that we want to address in this contribution is: what is the eco-

nomic relevance of weak predictability of stock returns, in the presence of parameter

uncertainty and in a long run perspective? Should institutional managers become

passive investors whose objective is to duplicate indices and whose only task is to

decide on static buy-and-hold allocations? If predictability is weak, it may still be of

economic relevance, especially for the long run where one may expect small effects

to conjugate. In the literature, Brennan, Schwartz, and Lagnado (1997) analyze

numerically the impact of myopic versus dynamic portfolio choice. They find that,

due to mean reversion in stock and bond returns, the investor with a long hori-

zon will place a larger fraction of her wealth in stocks and bonds than an investor

with a short horizon will do. Kandel and Stambaugh (1996) consider the effects of

predictability within a myopic setting, where the investor rebalances monthly and

where parameter uncertainty is taken into account by using a Bayesian setting. Bar-

beris (2000) studies these effects for the multi-period portfolio choice, with annual

rebalancing in discrete time. All these contributions tend to show that the various

effects are important.

In this work, we reconsider Barberis’ (2000) model, which provides a simple

setting within which the effects of predictability under parameter uncertainty may be

investigated. By applying this setting to several European markets, we confirm that

weak predictability affects rather significantly long-run portfolio allocations. We

also show that, by using the Bayesian learning model of Barberis (2000), parameter

uncertainty is important but may be in certain cases dominated by the predictability

of returns. For instance, if we consider a buy-and-hold strategy for the long-run,

an investor who takes parameter uncertainty into account under predictable returns

will allocate more to stocks than a naive investor who ignores parameter uncertainty

while assuming i.i.d stock returns.

The framework proposed by Barberis (2000) is moreover sufficiently rich to allow

the investigation of dynamic trading strategies where an investor gets the possibility

to modify the portfolio at regular periods. Such a strategy may be particularly

interesting if there is predictability. In addition, it allows us to investigate the
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role played by parameter uncertainty. Indeed, if the state variables that predict

returns change sufficiently over time, one may expect that, even if there is parameter

uncertainty, this uncertainty is dominated by the first-order effects which stem from

time changes of the predictors. Indeed, we are able to confirm in certain cases that

parameter uncertainty is dominated by fluctuations of the predictors. This implies

that the role of parameter uncertainty may be diminished in a dynamic setting.

The rest of the paper is organized as follows. In Section 2, we evaluate the

predictability in European stock markets, with a particular focus on out-of-sample

predictability and a distinction between frequentist and Bayesian parameter un-

certainty accounting. In Section 3, we consider the consequences of stock return

predictability on the optimal asset allocation from a long-term perspective. The

final conclusions are presented in Section 4.

2 Stock Return Predictability

In this first part of the paper, we wish to review stock return predictability. We will

perform this investigation first by focusing on an univariate setting and then on a

multivariate one. The univariate setting is of interest on its own, since it allows us

to investigate the time-series properties of returns for a short horizon. Within this

setting, we examine the ability to predict stock returns, but only for a one-period

ahead horizon. Later on, we will investigate multi-period stock allocations. In such

a setting, it is necessary to also predict future explanatory variables, which will in

turn predict future one-period ahead stock returns. We will then consider return

predictability in a multivariate setting. Finally, in order to account for parameter

uncertainty, we will follow Barberis (2000) and cast the multivariate model into a

Bayesian setting.

2.1 Methodology to Test Predictability

2.1.1 Univariate and Multivariate Models

We consider the following univariate regression model:

rt = a + BXt−1 + et, (1)

where

Xt =
�

rt rf,t rb,t dpt sprt πt

��

is the set of possible explanatory variables and et is the vector of innovations, as-

sumed to be i.i.d., normally distributed with mean 0 and variance σ
2
ε . The vector

of constant parameters B contains sensitivities of stock returns to predictive vari-

ables. The set of explanatory variables consists of lags of: log excess return (r),
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log excess return on bonds (rb), log short term real interest rate (rf ), log dividend-

to-price ratio (dp), the yield spread (spr) between the long-term bond yield and

short-term interest rate, and the log yearly inflation (π). The actual construction

of the variables is discussed in Appendix 1.

The multivariate regression model which we borrow from Barberis (2000) is given

by �
rt

xt

�
=

�
ar

ax

�
+

�
Br

Bx

�
xt−1 +

�
εr,t

εx,t

�
, (2)

where xt represents a list of n explanatory variables. Typically, this list will represent

a subset of Xt, say xt = (dpt, πt)�. εr,t and εx,t denote error terms. The parameter ar

represents a real constant, Br a (1×n) vector of constants. By ax and Bx we denote

a (n× 1) vector and a (n× n) matrix, respectively. Clearly, equation (1) allows for

a one-step ahead only forecast, whereas equation (2) will allow us to consider the

performance in multi-step ahead forecasts.2 This first-order vector autoregressive

process type of dynamics (2) has been extensively used by Campbell and Shiller

(1988, 1998), Barberis (2000), Bec and Gollier (2009) and others. As seen above,

this specification is very general, since any type of autoregression can be rewritten

as a VAR(1) model, by expanding the explanatory variables.

Parameter uncertainty will also play an important role for portfolio allocation.

Presently, we want to discuss how a Bayesian setting allows us to take into account

this phenomenon. We start with the case where returns are i.i.d. normal. This

simple setting has pedagogical value and will allow us to demonstrate the main

steps involved in Bayesian analysis.3 So, assume we observe a vector r of T i.i.d.

observations from a univariate normal distribution, rt ∼ N(µ, σ
2). A traditional

investor who does not take parameter uncertainty into account would use the T

observations and estimate µ with r̄ = 1
T

�T
t=1 rt, and σ

2 with s
2 = 1

T−1

�T
t=1(rt− r̄)2.

These parameters and the distributional assumption would also characterize future,

out-of-sample returns, say form T + 1, · · · , T + T̂ . However, the stance taken in

a Bayesian setting is different. The idea is that the investor may have a prior

about returns, before observing the data. This prior could be very informative,

for instance that returns will be between −2% and +2%. It is, however, usual to

assume that the observer has as little information as possible. In such an instance,

one obtains noninformative priors. The main reason for using noninformative priors

is that one lets the data speak for themselves. For the normal distribution. One

may assume that µ and log σ are each uniformly distributed with −∞ < µ < ∞
and 0 < σ < ∞. It appears also reasonable to assume independence between the

2Careful inspection of the model reveals that, here, the model consists of a VAR(1) for xt

and a linear regression reminiscent of equation (1) to describe returns, just as in Barberis (2000).
We experimented at some point with a VAR(1) model including returns. Since returns had little
predictive power, we decided to give a differential treatment to the regression yielding returns.

3The discussion here and many more results may be found in Zellner (1971).
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priors of the location and scale parameters, meaning that the joint distribution of

µ and σ splits into a product of distributions. Then the joint prior distribution can

be shown to be proportional to the precision (1/σ) of the returns:4

p(µ, σ) ∝ 1

σ
.

In Bayesian analysis, it is also customary to assume prior distributions for the

parameters, the so-called hyperdistributions, so that after learning about the data,

the distributions update in a natural manner the main distribution of the data.

As has been shown by Zellner (1971), the marginal posterior density for σ is an

inverted gamma and the conditional posterior density for µ given σ and the sample

information is a univariate normal:

σ|r ∼ IG

�
T − 1

2
, 2/

T�

t=1

(rt − r̄)2

�
, (3)

and

µ|σ, r ∼ N

�
r̄,

σ
2

T

�
. (4)

Now, an investor who needs to perform a forecast of future returns could integrate

out parameter uncertainty. This would lead to the so-called predictive density. For

instance, if we focus on rT+1, we have

p(rT+1|r) =

� +∞

µ=−∞

� +∞

σ=0

p(rT+1, µ, σ|r)dµdσ

=

� +∞

µ=−∞

� +∞

σ=0

p(rT+1|µ, σ, r)p(µ|σ, r)p(σ|r)dµdσ.

This predictive density does no longer depend upon µ and σ. As we will see later

on, in a more general case, for this simple situation, the predictive density is shown

to be a Student-t distribution. In more complex situations, it will not be possible to

obtain an explicit formula for the predictive density. In such cases, it is still possible

to obtain the predictive density numerically by invoking Monte Carlo simulation.

For the simple case at hand, this would boil down to performing a draw from the

inverse gamma (3). Then, one would draw from equation (4), and eventually, draw

rT+1 from N(µ, σ
2). By using a kernel-smoother, one could then obtain a histogram

from the eventual distribution. One would find, for this case, that the distribution

is a Student-t.

Let us now discuss how the predictive density of the regression model (2) could

be obtained. We start by rewriting the model in a way that is more amenable for

Bayesian analysis. The investor will have at disposal a sample t = 1, · · · , T . This

4The symbol ∝ denotes proportionality.
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sample will allow to update possible priors. Introducing z
�
t = (rt x

�
t)
�, we may rewrite

the multivariate regression model (2) as




z
�
2

...

z
�
T



 =




1

· · ·
1

x
�
1

...

x
�
T−1



×
�

a
�

B
�
0

�
+




ε
�
2

...

ε
�
T



 . (5)

In a more compact form, we obtain

Z = XC + E, (6)

where Z, X, and E are (T −1×n+1), (T −1×n+1), and (T −1×n+1) matrices

of endogenous variables, regressors, and unobserved error terms, respectively. The

rows of E are independently distributed, each with a n + 1 dimensional normal

distribution with vector mean zero and (n + 1× n + 1) covariance matrix Σ. C is

a (n + 1× n + 1) matrix.

In order to account for parameter uncertainty, we need to determine the posterior

predictive distribution, which is the distribution of future z. Following again Zellner

(1971), we assume that the elements of C and of Σ are independently distributed

and we assume again uninformative priors

p(C, Σ) = p(C)p(Σ)

p(C) = constant

p(Σ) ∝ |Σ|−(n+2)/2

p(C, Σ) ∝ |Σ|−(n+2)/2
.

Then, the posterior p(C, Σ−1|Z) is given by:

Σ−1 |Z ∼ W (T − n− 2, S−1) or Σ | Z ∼ IW (T − n− 2, S),

and

C | Σ, Z ∼MN(Ĉ, Σ⊗ (X �
X)−1),

where W (IW ) denotes the Wishart distribution (inverse Wishart distribution) and

MN denotes the matricvariate normal distribution,5 with S = (Z −XĈ)�(Z −XĈ)

and Ĉ = (X �
X)−1

X
�
Z.

To sum up, if one had to obtain the predictive density for zT+1, one would start

estimating Ĉ and S. Next, one would simulate from the inverse Wishart IW (T−n−
2, S) and then from the MN(Ĉ, Σ⊗ (X �

X)−1). Again, repeating these simulations

many times, one would obtain the predictive density of zT+1.

5Essentially, this distribution states that each of the the elements of a matrix are normal.
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2.1.2 Measuring Predictability

From a traditional econometric point of view, both in-sample and out-of-sample

predictability matters. For portfolio allocation, which is naturally oriented towards

the future, in-sample performance of regression (1) or (2) plays a less important

role than out-of-sample performance. In sample analysis only provides a first idea

about the relative performance of various explanatory variables. As we will shown

in the empirical section, even a model with high in-sample performance may have

low out-of-sample forecasting power. For this reason, for the out-of-sample analy-

sis, we report not only the traditional root mean squared error but several other

performance measures. Overall, for each regression, we will consider the following

measures, whose detailed construction is provided in Appendix 2:

• the root mean square error (RMSE), which measures the average of the

squared residuals from the regression of the actual return on its estimated

value.

• the t-test of the coefficient of the predicted returns and the R-squared of

the regression of the actual returns on their out-of-sample predicted values

(denoted by tstat2 and R
2).

• the percentage of correct predictions of the sign of returns (corrs). This

measure indicates if, based on a statistical analysis, one may realize gains

by purchasing indices subsequent to the prediction of increasing prices and

shorting if the sign is negative.

• the corrs measure alone, is, however, not sufficient to measure if statistical

arbitrage is possible, since the magnitude of non-predicted negative returns

may undo the gains that are realized by predicted returns. We, therefore,

introduce another measure, denoted (corrupd), giving the percentage of cor-

rect predictions of the changes in returns with respect to the current level of

returns and this independently of the sign of the returns. In other words,

this measure captures if returns will increase or decrease with respect to the

current level of returns.

• the Akaike information criterion (AIC) and the Schwarz criterion, which is

also called Bayesian information criterion (BIC).

For the out-of-sample analysis, we used an expanding rolling window. This

method assumes that, at each out-of-sample date, we obtain a new set of regression

coefficients (according to the data available at that date), which are used to predict

next period returns only.6

6We also consider the case where we keep the parameters fixed for the out-of sample period. In
this case, we estimate the parameters for a given in-sample date, and then keep these parameters
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2.2 Data

We consider monthly stock market returns for a large set of European countries

(France, Germany, United Kingdom, Italy, Switzerland, Sweden, Denmark, Nether-

lands, Norway, and Spain). The data is in local currency. End-of-month data was

used to construct monthly return series. We also use a large set of macro-economic

variables, available at the monthly frequency: the consumer price index, used to

construct the inflation rate, the long-term rate (10-year government bond yield),

the short-term rate, and the dividend-to-price ratio.

The sample starts in January 1975 for all the countries, except Switzerland

(September 1975) and Spain (March 1975). The sample ends in April 2008. The

period January 2005 to April 2008 is used for out-of-sample investigation. As already

mentioned, a complete description of the data is provided in Appendix 1.

2.3 Analysis of Predictability in Stock Returns

2.3.1 Univariate Extended Model

Table 1 presents in-sample results for the entire sample used, 1.1975–12.2004, for

all the countries. First, contemplating the F -test for the various countries, which

represents a joint test of significance of the explanatory variables, we notice that the

p-value of the test is smaller than the 5% level for UK, Netherlands, Norway and

Spain. For Sweden, the test is marginally significant. Thus, for 5 out of 10 countries,

we find statistical evidence for in-sample predictability. However, the interpretation

of these p-values, even popular in assessing predictability in stock returns, must be

done with care, since as will be shown, there is evidence of predictability in stock

returns even for the countries which had high F-test p-values. The reason for this is

the relatively high value of the coefficient on the dividend-price variable which will

yield to economically significant different allocations, especially for the long run.

[Insert Table 1 here]

Next, we wish to discuss the parameter estimates. The first explanatory vari-

able, lagged excess returns, is statistically significant for Switzerland, Sweden, and

Norway. These markets could be considered small and relatively illiquid markets.

The positive autocorrelation in stock market returns could therefore be attributed

to staggered information incorporation. Indeed, as discussed in Campbell, Lo, and

MacKinlay (1997), in illiquid markets, new information which arrives on day t may

be incorporated into stocks at day t + 1 only if there was no or little trading in

these stocks on day t. The risk-free return is nowhere statistically significant and

its sign alternate. Similarly for long-term bond returns. The dividend-price ratio,

constant over time.
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a popular explanatory variable in many of the papers dealing with predictability

of stock returns and which should be statistically significant based on theoretical

grounds (see Cochrane, 2009), is so in four cases. The predictability is particularly

high in the UK. Interestingly, the dividend-price ratio has been found to be statisti-

cally significant in the US (see Barberis, 2000). The term spread is insignificant for

all countries except for Sweden and its sign changes across the various regressions.

Last, the inflation rate has a significant effect for three out of the ten regressions.

Interestingly, the sign of this variable is always negative, the unique exception be-

ing Germany. Fear of higher inflation appears to depress subsequent stock market

returns. It is therefore difficult to find explanatory variables which are universally

significant across countries, samples, and sampling frequencies.7,8

Next, we consider the goodness-of-fit of the regression of the actual out-of-sample

return on its predicted value. Contemplating the R
2 and the mean squared errors,

we observe that the model has a poor linear fit for all the countries. The country

with the highest R
2 is the UK, with a 11.91% value. The lowest R

2 is 1.1%, for

Germany.

Overall, contemplating the individual parameter estimates and the goodness-of-

fit statistics in-sample is not very encouraging. The question is therefore, how does

the model perform in its predicting ability. Using the parameter estimates for the

overall sample 1.1975–12.2004, we ask how well could one predict the actual returns.

This measure will be obtained by regressing actual returns on their predicted values

and by reporting the corresponding t-statistics, named tstat2 in the tables. As

Table 1 reveals, for the extended model, the t-statistics are in all cases significant

at the 95% level.9 This means that even if the model does not have high statistical

power, at least, in sample, the model has predictive power. If one considers the

RMSE of a prediction, the forecast is poor. For instance, focusing on Switzerland

where the RMSE is smallest, we obtain a prediction error of 4.74% on average.

Finally, the table reports the statistics corrs, which corresponds to the number

of times that the predicted returns were having the same sign as the actual returns,

and corrupd, which reflects the number of times when the model could predict the

correct evolution of returns in comparison with the current level of returns. Since

for all these countries these numbers are higher than 50%, we conjecture that there

is some evidence of predictability.

7We also performed an analysis of the data sampled at weekly and quarterly frequencies. For
such data, the results were quite similar. No uniform pattern of predictability emerges.

8One could try to find the ideal predictor variables to be used for certain countries at certain
frequencies in order to obtain a better fit and could take for instance the approach presented in
Bossaerts and Hillion (1999) and find the best prediction models. Nevertheless, this is not the
purpose of the present paper and we will keep the focus on the models presented below.

9Since we are regressing returns on predicted returns, both variables are stationary. Co-
integration is, therefore, not an issue here.
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At this stage, one may conclude that in-sample, there appears evidence for pre-

dictability of future stock returns. There is, however, no clear pattern of some

particular variable being able to explain stock returns in the cross section. For this

reason, it appears interesting to consider a reduced model where one retains only a

few variables to investigate the forecasting capability of returns.10

2.3.2 Univariate Reduced Model

Table 2 presents the results of an in-sample regression involving the time period

1.1975–12.2004, where we focus only on the dividend-price ratio and the inflation

rate. This model will be referred to as the reduced model.

[Insert Table 2 here]

The results in Table 2 show that for the UK, Netherlands, Norway, and Spain,

the coefficients of dividend-price ratio and inflation remain significant, but decrease

in level for the UK and Netherlands. The UK has the highest dividend-price ratio

coefficient and Spain the smallest, as for the case of the extended model. The

inflation coefficient for Germany has presently become negative, whereas the one

for Denmark has reduced to zero.11

The UK has still the highest R
2 (10.65%), followed by Spain with (3.61%).

Contemplating tstat2, the return predicted by this reduced model is significant at

the 95% confidence level for the UK, Netherlands, Norway, and Spain. The RMSE

and the corrs and corrupd measures remain close to their levels obtained from

the model including all the predictors. Thus, one may conjecture that most of

the predictive power for the UK, Netherlands, Norway, and Spain comes from the

dividend-price ratio and inflation variables. For other countries such as Germany,

France, or Switzerland to just name a few, based on statistical grounds, there is

much less evidence for predictability. Interestingly, even though the parameters

may not be statistically significant, the magnitude of the parameters is not small

in all cases. This seems to suggest that an investigation using this little available

information may be of relevance to see if there is some economic relevance to our

findings.

2.3.3 Parameter Stability of the Extended Model

At this stage, we wish to analyze the stability of the parameter estimates. To do so,

we present results for the extended model, including all the explanatory variables,

10There is also a technical reason for focusing on a subset of the explanatory variables. Indeed,
when we consider later the allocation for a multi-step ahead forecast, it would be difficult, from a
computational point of view, to perform the allocation for a large set of predictive variables.

11The coefficient is taking a very small value. We did not perform an estimation with positivity
constraint where the estimate would have hit a boundary.

11



by considering two subsamples. The subsamples which we consider consist of data

stemming from the beginning of the sample (the period 1.1975–12.1984) and from

the end of the sample (the period 1.1995–12.2004). Each subsample corresponds

to one third of the full sample. To save space, we did not represent the estimates

obtained with the data from the middle of the sample since our findings obtained

from the subsamples will suffice to make the point that parameters are varying

through time. The results of this estimation are presented in Table 3.

[Insert Table 3 here]

The results are shown for the three different countries namely Germany, the UK,

and Spain. These countries were selected because of their differences regarding in-

sample performance over the entire sample: Germany has no significant explanatory

variable and the model has the poorest fit in terms of R
2 and p-value of the F-test;

the UK has the highest in-sample performance with the highest coefficient for the

dividend-price ratio, Spain is the second in the top of in-sample performance, but

unlike the UK, it has a bigger coefficient for inflation and a smaller coefficient for

the dividend-price ratio.

If one takes subsamples, one would expect that there is an increase of the stan-

dard errors of the estimates and a deterioration of the goodness-of-fit. Parameters

should, however, be relatively constant. Instead, by inspecting Table 3, some coeffi-

cients change their level and significance. For instance, for Germany, the coefficient

of the dividend-price ratio is not significant for the full sample (estimate of 0.131)

but becomes so for the first subsample (estimate of 1.682) and again not significant

for the second subsample (estimate of 0.311). Besides this, for the UK and Spain the

dividend-price ratio remains significant in both subsamples. However, inflation is

not significant for the UK over the recent period with a positive parameter estimate.

Thus, for further analysis, we include just the dividend-price ratio in the set of the

UK predictors for excess stock returns. For Spain, it seems that both predictors

are significant over all the samples considered. For Germany, even if the parameter

estimates are not significant, they keep the same signs over the subsamples.

The UK has over the first sample a large R
2 of 34%, followed by Spain with 15%.

Germany has again the smallest R
2 and no general significance of the model at 95%

confidence level. Concerning the second sample, the R
2 drops for all regressions.

The best fit is for Spain with 9.15%. The other performance measures (the tstat2

statistics and the measures of predictability of the sign of returns and relative return

variations) remain similar to the overall sample. Those results are encouraging from

the point of view of the economic relevance of the return predictability. They reveal,

however, the importance to take into account parameter uncertainty.
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2.3.4 Out-of-Sample Performance

Until now, only the in-sample predictability has been analyzed. The empirical

literature, see for instance Bossaerts and Hillion (1999), has shown that out-of-

sample performance of most of the models considered is often worse than in-sample

performance. Before turning to the estimates, it is necessary to carefully describe

how we obtained the out-of-sample regression estimates. First of all, the out-of-

sample period starts in January 2005 and ends in April 2008. We consider two

methods to assess the out-of-sample performance. In the first one, we consider

parameter estimates obtained for data covering 1975–2004 then held constant. In

the second one, we consider an increasing sample which starts in January 1975 and

incorporates increasingly more data ending with April 2008.

In Table 4, we report the out-of-sample performance measures for these two

methods. The first row of each Panel represents the R
2 of the regression of actual

returns on the predicted returns. We notice small numbers for the goodness-of-fit

statistics. The R
2 ranges between 2.36% for the UK and as little as 0.15% for

Germany. Similarly, the p-value of the t-statistics (tstat2) for the regression of

the actual return on a constant and the predicted return is deteriorated. Actually,

both for the constant parameter regression as well as for the one with updated

parameters, the out-of-sample performance seems to be poor.

[Insert Table 4 here]

Not everything is gloomy, however. Inspection of the RMSE reveals a decrease

for all the countries compared to in-sample RMSE. This decrease in the RMSE

for the out-of-sample period is counterintuitive but may be explained by the fact

that over the in-sample period the fit turns out to be particularly bad for certain

time period. Moreover, the indicator corrs is again higher than 50%, which means

that even out-of-sample, the model predicts more than 50% of time the correct

sign of returns. Since this result holds for all the countries, it appears implausible

that this result is due to pure chance. In contrast, the indicator corrupd has

decreased under 50% for France, Switzerland, and Norway, which indicates that in

making optimal portfolio choice, the out-of-sample performance could be poor, the

model being unable to predict the direction of return for these countries. From the

point of view of AIC and BIC criteria, the UK has again the best out-of-sample

performance, followed by Spain.

For the forecasts based on rolling regression, results seem to be close or better

than the ones for the model which uses constant parameters. For instance, the UK

remains in the top, the model being able to determine 61% of times the direction

of returns and 56% of times its sign. AIC and BIC have decreased for all the

countries. This same or even better out-of-sample performance of the reduced model
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gives another indication that learning of the parameters, over time, could be an

important issue.

We conclude this section by noticing that we continue to expect economic rel-

evance for the out-of-sample predictability and this in particular for a model with

dynamic parameters.

2.4 Multivariate Regression Model Results

As already mentioned, a multivariate regression model is needed to study multi-

horizon portfolio choice. In such a model, the covariance matrix of error terms

plays an important role. To be consistent with our ensuing analysis of the buy-

and-hold and optimal rebalancing strategies, we focus on three different countries

only (Germany, the UK, and Spain). However, for comparison, we will also discuss

the differences with the other countries and between the expanded model and the

reduced model, which uses only the dividend-price ratio for the UK, and both the

dividend-price ratio and the inflation rate for Germany and Spain.

When the extended model is considered, shocks in returns are in general nega-

tively correlated with shocks in dividend-price ratio and shocks in inflation. How-

ever, shocks in the real risk-free rate, in excess return on bonds and in spread do not

have such a general result over countries. For some countries, they present negative

correlation with return shocks and for others they present positive correlation. This

result was partly expected from the univariate regression coefficients, which were

unstable across countries and samples. However, their absolute correlation with

shocks in stock returns is relatively small compared to the correlation of shocks in

the dividend-price ratio, which takes values from 90% (for the UK) to 74% for Italy

and Denmark. This result remains unchanged if the reduced model is being used

instead of the extended model. The same correlation in the case of inflation takes

much lower values, which range from 1% to 11%.

Table 5 presents in the upper part the results of the multivariate regressions for

the three countries, while the lower part presents the mean and standard deviation

(in parenthesis) of each parameter’s posterior distribution.12 Under the heading Σ

we present along the diagonal the variances of the errors and above the diagonal

correlations.

We notice that for the chosen countries all parameter estimates are significant

except for Germany. The highest predictability for returns, in terms of in-sample

indicators like the R
2 and F-test p-value is again obtained for the UK, followed by

Spain. For Germany, as discussed in the univariate regressions, there is no sign of

in-sample predictability if one relies on standard tests.

As expected, the mean of the posterior distribution of each parameter is equal

to the estimate reported in Panel A and the highest uncertainty in parameters is

12In order to obtain the posterior distribution, 1’000’000 simulations were used.
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found in the return equation. The predictive power of the dividend-price ratio in

the return equation is important for the UK, this predictor having a coefficient with

mean 1.34 and standard deviation 0.24. For the other two countries, the coefficient

is lower, and its standard deviation is higher, especially for Germany. Inflation has

predictive power for returns in Spain but none for Germany even though for the

latter, the sign is negative as expected.

The dynamics of the dividend-price ratio and the inflation rate are close to an

univariate AR(1) process. Their lagged values have parameter estimates higher than

0.9 for all countries.

Regarding the covariance matrix Σ of the innovations in the VAR system, we

notice that unexpected excess stock returns (innovations or shocks in excess stock

return) are highly negatively correlated with shocks to the dividend-price ratio, this

result being consistent with results presented in the previous literature. Interest-

ingly, the highest correlation is in the case of the UK, where it takes a value of −0.9.

Unexpected excess stock returns also present negative correlation with shocks in in-

flation but the coefficients are rather small with −4% for Germany and nearly −8%

for Spain.

[Insert Table 5 here]

We turn now to the posterior distribution of the parameters in the i.i.d. re-

turns case, which corresponds to our benchmark (Panel C of Table 5). We notice

that the monthly expected returns are highest for the UK, followed by Germany

and Spain. The associated standard errors are taking similar values for the three

countries with differences in the fourth decimal. When we turn to the variability of

returns measured by their annualized monthly standard deviation,
√

12σ, we obtain

20.5%, 19.6% and 21.9% for Germany, the UK, and Spain. These are usual order of

magnitudes.

If one takes the last available monthly risk-free rate in the database, 0.33%,

0.44%, 0.33% for Germany, the UK, and Spain respectively, the posterior mean and

standard deviation imply a Sharpe Ratio of 40.36% for the UK, 20% for Germany,

and 8.62% for Spain. Thus, one would expect that the allocation to stocks is the

highest for the UK and the lowest for Spain.

3 Portfolio Allocation

3.1 Generalities

The framework upon which we build follows closely Barberis (2000). The objec-

tive is to investigate the influence of predictability and parameter uncertainty on

multiperiod portfolio allocations for different countries. We consider an investor
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who has gathered a sample of T observations and who wishes to invest optimally

for the next T̂ months. To keep the problem as simple as possible, we consider an

elementary investment between the risk-free asset and a stock index. The investor

is not allowed to leverage stock nor is she allowed to sell short. For simplicity, we

take the continuously compounded risk-free return as a constant, rf . We consider

that the initial wealth at time T is WT = 1 and denote by ω the allocation to the

stock index. Then, the end-of-horizon wealth is:

WT+T̂ = (1− ω) exp(rf T̂ ) + ω exp(rf T̂ + rT+1 + ... + rT+T̂ ).

The investor maximizes her utility, ν(W ), which belongs to the CRRA utility func-

tion class:

ν(W ) =
W

1−A

1− A
,

where A is the coefficient of risk aversion. Now, if we write the cumulative stock

return over T̂ periods as RT+T̂ = rT+1+ rT+2+ · · ·+ rT+T̂ , the investor has to solve:

max
ω

ET

�
{(1− ω) exp(rf T̂ ) + ω exp(rf T̂ + RT+T̂ )}1−A

1− A

�
. (7)

The investor calculates the expectation conditional on her information set at

time T . There are two approaches to solve this maximization problem depending

on whether parameter uncertainty is taken into account or not.

I. Ignoring parameter uncertainty. In this case, the distribution for future

stock returns is conditioned on a set of parameter estimates (θ̂) and is written as

p(RT+T̂ |z, θ̂), where z = (z
�
1, · · · , z

�
T ) and the data are observed by the investor until

the start of her investment horizon. Thus, the investor solves:

max
ω

�
ν(WT+T̂ ) p(RT+T̂ |z, θ̂) dRT+T̂ . (8)

II. Integrating out parameter uncertainty. In this Bayesian approach,

parameter uncertainty is taken into account and one needs to use the predictive

distribution for long-horizon returns. In this case, the investor solves:

max
ω

�
ν(WT+T̂ ) p(RT+T̂ |z) dRT+T̂ , (9)

where p(RT+T̂ |z) =
�

p(RT+T̂ |z, θ) p(θ|z) dθ. The predictive distribution is condi-

tioned only on the observed data and not on the parameter value θ. In order to

sample from the predictive distribution, it is necessary to first sample from the pos-

terior distribution p(θ|z) and then from the conditional distribution p(RT+T̂ |z, θ).

Thus, the optimization problem (9) can also be written as:

max
ω

� �
ν(WT+T̂ ) p(RT+T̂ |z, θ) p(θ|z) dRT+T̂ dθ.
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These two approaches will help understanding how parameter uncertainty affects

the portfolio choice, by comparing the solutions to problems I and II. The maximiza-

tion of problems I and II is solved as in Barberis (2000), who evaluates the integrals

over a fine grid and then takes the largest expected utility. The grid is given by

ω = 0, 0.01, 0.02, · · · , 0.99, 1, that is 100 finely spaced values. The integration is

solved by different methods, depending on the investment strategy adopted by the

investor. In some cases, it is possible to perform a numerical quadrature, while in

other cases it is necessary to rely on Monte-Carlo integration. In order to investigate

how predictability in asset returns and parameter uncertainty affect the portfolio

choice, two main strategies will be discussed: the buy-and-hold strategy and the

optimal rebalancing strategy. Within each of these strategies, we will considered

the case of i.i.d. returns and of predictable returns. We now turn to the discussion

of these alternative strategies.

3.2 The Buy-and-Hold Strategy

This strategy assumes that the investor chooses an allocation at the beginning of the

first year, using the data known until that moment, and keeps her portfolio weights

constant until the end of the investment horizon. We now consider the special case

of i.i.d. stock returns and the case when returns are predictable by a set of variables.

3.2.1 Case 1: i.i.d. normal returns ignoring parameter uncertainty

In this situation, returns are assumed to be distributed as a simple normal r ∼
N(µ, σ

2). An investor who does not take into account parameter uncertainty would

estimate µ and σ
2 by r̄ = 1

T

�T
t=1 rt and s

2 = 1
T−1

�T
t=1(rt − r̄)2. The cumulative

stock return, RT+T̂ , is then also normally distributed with mean T̂ µ and variance

T̂ σ
2
. In this case, a quadrature method can be used to solve this expectation. Nu-

merical quadrature is described in Appendix 3.

3.2.2 Case 2: i.i.d. normal returns with parameter uncertainty

An investor who wishes to take parameter uncertainty into account needs to know

the posterior predictive distribution of the cumulative return over the next T̂ time

periods, RT+T̂ . Under the assumption that the T̂ future returns are all normal,

RT+T̂ will also be normal:

RT+T̂ |σ, µ ∼ N

�
T̂ µ, σ

2
T̂

�
.

Assuming that the prior is noninformative as discussed in Section 2.1.1, the marginal

posterior pdf for σ is an inverted gamma and the conditional posterior for µ given
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σ and the sample information is a univariate normal:

σ|r ∼ IG

�
T − 1

2
, 2/

T�

t=1

(rt − r̄)2

�
,

where r̄ = 1
T

�T
t=1 rt, and

µ|σ, r ∼ N

�
r̄,

σ
2

T

�
,

In this case, the predictive distribution of RT+T̂ can be determined analytically by

integration

p(RT+T̂ |r) =

� ∞

0

� ∞

−∞
p(RT+T̂ |r, µ, σ

2)p(σ2|r)p(µ|σ2
, r)dµdσ

=
Γ(T

2 )
√

T (s2(T − 1))(T−1)/2

Γ(T−1
2 )

√
π

�
T̂ (T + T̂ )

�
T (RT+T̂ − r̄T̂ )2

T̂ (T + T̂ )
+ s

2(T − 1)

�−T/2

,

which shows that the density function is a univariate Student-t,

RT+T̂ |r ∼ t

�
r̄T̂ ,

T�

i=1

(rt − r̄)2
,

T

T̂ (T + T̂ )
, T − 1

�
, (10)

with degrees of freedom v = T−1 and scale factor: s
2(T−1) =

�T
t=1(rt−r̄)2.13 Since

the Student-t distribution tends to have fatter tails than the normal distribution, one

would expect that an investor will be more precautious under parameter uncertainty.

Even though an analytic expression is available for the predictive density, namely

equation (10), we will rely on Monte-Carlo integration to evaluate the expected

utility (7). The procedure to do so is to obtain N draws from the p(σ2|r) density,

here an inverse gamma distribution. Next, for each σ
2 drawn, one obtains one

draw from the normal N (r̄, σ2
/T ) , a normal distribution. The last step, yielding

the distribution of RT+T̂ , is easy. Since RT+T̂ ∼ N

�
T̂ µ, σ

2
T̂

�
, one only needs to

simulate from the normal density, using the µ and σ
2 that were just obtained. Let

us denote by R
i
T+T̂

, i = 1, · · · , N the resulting sample. The integral corresponding

to the expected utility is approximated by

1

N

N�

i=1

{(1− ω) exp(rf T̂ ) + ω exp(rf T̂ + R
i
T+T̂

)}1−A

1− A
. (11)

The convergence towards the expected value is guaranteed by the law of large num-

bers.
13Appendix 5 summarizes the expressions for the densities involved in this Bayesian context.
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3.2.3 Case 3: Predictable returns ignoring parameter uncertainty

In the case of predictable returns, it is necessary to condition the future realization

of returns on the current level of the observable exogenous variables as well as on

the parameters involved in the estimation of the dynamic of the system. To do so,

it is convenient to follow Barberis (2000) and to write zt = a + B0xt−1 + εt as a

VAR(1) system

zt = a + Bzt−1 + εt

where B = ((0 · · · 0)� B0). As is shown in Appendix 4, conditional on a, B, and Σ,

the sum ZT+T̂ = zT+1 + zT+2 + · · · + zT+T̂ is normally distributed with mean µsum

and variance Σsum, where:

µsum = T̂ a+(T̂ − 1)Ba+(T̂ − 2)B2
a+ · · ·+B

T̂−1
a+(B +B

2 + · · ·+B
T̂ )zT , (12)

and

Σsum = Σ + (I + B)Σ(I + B)� + (I + B + B
2)Σ(I + B + B

2)� + · · ·

+ (I + B + B
2 + · · · + B

T̂−1)Σ(I + B + B
2 + · · · + B

T̂−1)�. (13)

Obviously, RT+T̂ is given by the first element of ZT+T̂ . The investor who does not

take parameter uncertainty into account may use the usual non-Bayesian parameter

estimates and then approximate expected utility (8) by using numerical quadrature

as discussed in Case 1 above or in Appendix 3.

3.2.4 Case 4: Predictable returns with parameter uncertainty

The investor who wishes to take parameter uncertainty into account needs to con-

sider the predictive density of RT+T̂ . Considering the algebra of the previous case,

we notice that the problem boils down to obtaining the predictive density of ZT+T̂ .

As in Case 2, the predictive density will be obtained by simulation. The procedure

is to obtain N draws (where N is large) from the marginal density p(Σ|z), here an

inverse Wishart, IW (T − n − 2, S), as discussed in Section 2.1.1. Next, for each

Σ, one obtains one draw from the density p(C|Σ, z), here this is the matricvariate

density, MN (Ĉ, Σ⊗ (X �
X)−1). Last, one obtains one draw from the posterior dis-

tribution p(ZT+T̂ |a, C, Σ, z), a normal distribution. This procedure will generate a

set of N draws which can be used to approximate the expected utility (11) by an

average.

3.3 Dynamic Investment Strategy

So far, the investor were assumed to compute at time T the portfolio allocation which

then remains constant till time T̂ . However, when returns are predictable, one would

expect that, as time passes by, a new state occurs (given by the realization of a new
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exogenous variable). The investor should then take into account the possibility of

rebalancing the portfolio. This is the strategy that we wish to discuss in this section.

This strategy is naturally associated with multi-period portfolio choice.

The model used for this strategy is the one presented in equation (5), with

xt = dpt or xt = (dpt, πt)�. This reduced number of predictive variables is used since

extra variables proved to be insignificant. There is also the issue of reducing the

dimensionality of the state space due to programming limitations, which render the

dynamic programming problem difficult to solve by using available technology.

To solve this problem, we follow again Barberis (2000) and discretize the state

space and use backward induction. The investment horizon of T̂ months is divided

into K intervals of equal length, such that the investor adjusts her portfolio each

year, K times over the horizon, at the dates (t0, t1, ..., tK−1). Since we have monthly

data, we have the relation K = T̂ /12. The control variables in the optimization

are (ωt0 , ωt1 , · · · , ωtK−1), the allocations to the stock index at each rebalancing time.

The investor has to solve the problem:

max
ωt0

Et0

�
W

1−A
tK

1− A

�
.

Denote Rtk+1
= rtk+1 + rtk+2 + · · · + rtk+1

, the cumulative return between rebal-

ancing points, from tk to tk+1 (this corresponds to the cumulative return over each

year as the investor rebalances yearly). Then, one obtains that wealth evolves from

time tk to time tk+1 as

Wtk+1
= Wtk

�
(1− ωtk) exp

�
rf

T̂

K

�
+ ωtk exp

�
rf

T̂

K
+ Rtk+1

��
,

for k = 0, · · · , K − 1. Considering that the investor at each time tk maximizes over

all remaining decisions from time tk on, we define the value function:

J(Wtk , xtk , tk) = max
ωtk

Etk

�
W

1−A
tK

1− A

�
.

The value function J does not depend on rtk , the stock return over month tk,

since in this model the current values of the predictive variable(s) characterize the

investment opportunity set. It can be shown, following the discussion in Barberis

(2000), that the Bellman equation can be written as:

Q(xtk , tk) = max
ωtk

Etk

�
(1− ωtk) exp

�
rf

T̂

K

�
+ ωtk exp

�
rf

T̂

K
+ Rtk+1

��1−A

×Q(xtk+1
, tk+1), (14)

where Q(xtk , tk) can be thought of as the maximized expected utility at time tk.
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It is important to note here that, if the cumulative excess return Rtk+1
were

independent from the next period state variable xtk+1
, the expectation would reduce

to a product of two expectations. Since Q(xtk+1
, tk+1) is not a function of portfolio

weights ωtk , this multi-period maximization problem would simply reduce to a single-

period maximization problem. Therefore, the joint distribution p(Rtk+1
, xtk+1

|θ, xtk)

is needed to solve for ωtk , as it is explained in the sequel.

The way to solve equation (14) is the following: the investor starts at date tK−1

and performs the usual maximization problem explained in the previous section, but

for each state of the world considered at time tK−1. By doing this, she obtains a set of

optimal weights at tK−1 and a set of maximized expected utilities at year tK = T +T̂ ,

conditional on the states defined for the predictive variables at year tK−1. Thus, we

obtain in this way Q(xtK , tK). Going backward, each year tk for k = 0, · · · , K − 2,

the optimization problem changes, the investor taking into account the expected

utility in the next period, as shown in the Bellman equation above.

3.3.1 One state variable

We consider first the case where the dividend-price ratio is used alone as predic-

tive variable. The dividend-price ratio range is discretized into M equally spaced

grid points, denoted by {xj
tk}j=1,··· ,M .14 Then, at time tk, one needs to compute

Q(xtk+1
, tk+1) for all possible values xtk+1

= x
j
tk+1

. Then, using the Bellman equa-

tion (14), at time tk we obtain Q(xj
tk , tk). More precisely, for each x

j
tk , we draw a

large sample {R(i)
tk+1

, x
(i)
tk+1

}N
i=1 from the joint distribution p(Rtk+1

, xtk+1
|θ, xj

tk), which

is multivariate normal. The methodology used to obtain this distribution is detailed

in Appendix 4.

Then, simulations are used to determine Q(xj
tk , tk) as:15

Q(xj
tk , tk) = max

ωtk

1

N

N�

i=1

�
(1− ωtk) exp

�
rf

T̂

K

�
+ ωtk exp

�
rf

T̂

K
+ R

(i)
tk+1

��1−A

×Q(x(i)
tk+1

, tk+1).

Since Q(xtk+1
, tk+1) is known only for all xtk+1

= {xj
tk+1

}j=1,··· ,M , the approxima-

tion of Q(x(i)
tk+1

, tk+1) by Q(xj
tk+1

, tk+1) is needed. It is done by taking x
j
tk+1

as the

closest element of the discretized space to x
(i)
tk+1

, which was simulated. Backward in-

duction through all K rebalancing points finally gives Q(xj
t0 , t0) for all j = 1, · · · , M,

thus the optimal allocation at t0, ωt0 .

14For the case where we will have only one state variable as here, we will chose M = 25. In the
next section, where we consider two state variables, we use M = 11. The discretization is taken
over the interval starting from the historical mean plus and minus three standard deviations. The
choice of M is dictated by the speed of execution and accuracy. We performed tests for stability
and noticed that small changes of M did not substantially affect the allocation.

15We used 10’000 simulations for this strategy.
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3.3.2 Two state variables

We consider now the case of two state variables, denoted here by x1 and x2. Ex-

pected utility needs to be computed recursively for each pair (x1j1
tk , x2j2

tk ) where j1 =

1, · · · , M and j2 = 1, · · · , M. Again, for each pair, we need to draw a large sample

(Rj1,j2
tk+1

, x1j1
tk+1

, x2j2
tk+1

)N
j=1 from the joint conditional distribution p(Rtk+1

, x1tk+1
, x2tk+1

|
θ, x1j1

tk , x2j2
tk ), which is a normal distribution. Note that in this case, R

j1,j2
tk+1

depends

on both states j1 and j2 of x1 and x2. The methodology of backward induction is

the same as in the case of just one state variable, the higher dimensionality becomes

more time consuming of course.

It is worth emphasizing that, if the joint distribution of Rtk+1
and the next period

state variables are only weakly correlated, the impact of the value of next period

utility is irrelevant for the backward computation. Thus, when going backward in

time the optimal portfolio weights remain identical to those computed in an earlier

stage. This means that, in this case, even when we consider different investment

horizons, the allocation lines will be constant over time and less sensitive to the

investment horizon. In this case, the so-called horizon effects are relatively small.

3.3.3 Parameter uncertainty

Incorporating parameter uncertainty in a multi-period setting is more complicated

due to the following issues. First, the expectation in equation (14) should be taken

by using the unconditional distribution of cumulative excess returns. However,

parameter uncertainty can change over time, as new information is available to the

investor. The level of uncertainty then becomes a new state variable which increases

dramatically the complexity of the model. This is the effect of “learning” about the

true parameter values on portfolio holdings, which may change itself the portfolio

choice. This problem was studied by Williams (1977) and Gennotte (1986).

In order to incorporate at least partially parameter uncertainty, Barberis (2000)

suggested the following simplification. The investor solves the dynamic problem

assuming that beliefs about the parameters will not change over time, and are set

at the beginning on the investment horizon according to the information available at

that date. Thus, these beliefs summarized by the posterior distribution will give the

posterior predictive distribution of cumulative excess returns, and the expectation

will be solved as explained in Section 3.3 by using the predictive density.

To conclude this section, for an investor who cares about parameter uncertainty,

we expect the allocation to stocks to be smaller, since the investor becomes uncertain

about the predictive power of the state variables, and thus about the fact that the

investment opportunity set is really changing over time as the state variables change.
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3.4 Results for the Buy-and-Hold Strategy

Having already estimated the VAR(1) model required for the computation of the

multi-horizon portfolio allocation, as a preliminary step, we investigate the shape

of standard deviation for selected countries as a function of the time horizon of the

allocation. To gain some intuition of what to expect, let us compare the simple

model of i.i.d returns where rt+1 = εt+1 and V ar(εt+1) = σ
2
ε with the situation

where returns are predictable as in

rt+1 = xt+1 + εt+1, V ar(εt+1) = σ
2
ε ,

xt+1 = xt + ηt+1, V ar(ηt+1) = σ
2
η.

It follows that rt+1 = xt + ηt+1 + εt+1 and V ar(rt+1) = σ
2
ε + σ

2
η + σεσηρ, with ρ

the correlation between the two sources of uncertainty. These computations reveal

that if returns are predictable and the innovations to the source of predictability

are positively correlated with innovations to returns, the overall uncertainty may be

increased. In the case where one deals with even longer time periods, this feature

conjugates and the longer the time period of an allocation, the greater the uncer-

tainty. Inversely, if the correlation is negative, and this will be the general case for

the dividend-price ratio, one may expect a reduction in uncertainty if returns are

predictable. In the case of multiple predictors, there will be different correlations

involved and the overall impact will depend on the various correlations among the

predictors.

This type of result has already been reported in the literature. For instance

Campbell and Viceira (2002), and Bec and Gollier (2009) have shown, for US and

French quarterly data, that mean reversion in stock returns reduces significantly

their standard deviation as the horizon increases. From the point of view of the

investment strategy, this would imply that stock returns are safer at longer horizons,

meaning that a longer-horizon investor should allocate more to stocks.

Figure 1 displays for the three selected countries the annualized standard de-

viation if one incorporates parameter uncertainty or not in the model with the

investment horizon increasing from 1 to 10 years. Those curves with continuous line

correspond to the case where parameter uncertainty is not taken account for and

the dashed line incorporates parameter uncertainty.16 We observe that for countries

like Germany and the UK, the standard deviation decreases monotonically with the

time horizon for both cases. Interestingly, for a country like Germany, the prelim-

inary econometric analysis revealed that there was little evidence for predictability

16For the case where there is no uncertainty, we simply take equation (13), where Σ and B

result from the OLS estimations. The case which incorporates parameter uncertainty is more
complicated. Here, one uses the Bayesian approach. First Σ gets simulated according to the inverse
Wishart and C is drawn according to the matricvariate normal. Since C contains the matrix B,
all the required elements for the computation of ΣSum, as an average across the simulations, are
consistently simulated.
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by using the R
2 and the F-test. However, as one contemplates the figures, there

is definitely a temporal effect whereby the standard deviation is 2% lower for an

investor with a 10-year horizon than for a 1-year horizon only.

[Insert Figure 1 here]

Campbell and Viceira (2002) and Bec and Gollier (2009) have found a similar

negative trend of the conditional standard deviation as a function of the investment

horizon. Even though we do not report the figure, we would like to mention that

the decrease of standard deviation that we obtained for France is comparable to

the one obtained by Bec and Gollier (2009). The ratio obtained by dividing the

10-year standard deviation by the 1-year conditional standard deviation is around

0.94 in their case and 0.84 in our case for French monthly data. This relatively small

difference may be attributed to the fact that they use data sampled at quarterly

frequency whereas we use monthly data. They also use different additional predictor

variables.

By contemplating the plots presented in Figure 1, we observe that UK conditional

standard deviation has the highest decrease over the investment horizon presented

here. The ratio of 10-year to 1-year standard deviation is 0.63. The same ratio is

0.90 for Germany and 0.98 for Spain. If we interpret this ratio as a measure of the

speed of mean reversion in excess stock returns, we expect that the allocation to

stocks to increase with investment horizon only for the UK, the country with the

highest speed of mean reversion.

The pattern of the temporal evolution of the standard deviation is more intricate

for Spain. After briefly decreasing, the curve becomes hump shaped with a concave

shape. This pattern may be explained by the fact that we have used here two

explanatory variables. Even though both have errors that are negatively correlated

with the errors of the return regression, the correlation is positive among themselves.

The computation leading to ΣSum thus becomes highly non-linear and complex

patterns may occur as is the case at hand.

Taking into account of parameter uncertainty is expected to lead to increased

uncertainty. Remember that we found, for instance, that the distribution of returns

in the i.i.d. case was no longer normal but t-distributed after one takes parameter

uncertainty into account. As inspection of the Figure 1 shows (dashed curves), this

is indeed the case. For the case of the UK, the modification of the standard deviation

is relatively small. For the other countries, the impact of parameter uncertainty is

more pronounced. For Germany and Spain, the long-run risk differential is about

1%.

Having established that, due to predictability, the standard deviations will differ

according to the time horizon, we now investigate the actual relevance of return

predictability on portfolio allocations.
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3.4.1 Optimal Portfolio Choice

In Figure 2, we present the results of the portfolio allocation for the four cases

discussed in Section 3.2. We choose as levels of risk aversion 3 and 5 for Germany

and Spain as well as 5 and 10 for the UK. The overall choice of such parameters

is given by the literature. Most contributions would deem a level of risk aversion

between 5 and 15 as standard values. The choice of slightly different parameters

for the UK than for Germany and Spain is only for presentation purposes. Had one

chosen a level of risk aversion of 3 for the UK, then some of the allocations would

have saturated the 100% in stock allocation.

Figure 2 presents in its left half those allocations that are obtained for the lower

level of risk aversion. In each plot, the dashed line represents the i.i.d. allocations

that do not take parameter uncertainty into account (Case 1). The dotted curve

takes in addition parameter uncertainty into account (Case 2). The continuous

curve is obtained for the model where predictability is taken care of, but where

the investor ignores parameter uncertainty (Case 3). Last, Case 4 also allows return

predictability but takes parameter uncertainty into account (the continuous line with

crosses). All the allocations that presume predictability of stock returns require in

their calibration an assumption of the level of the explanatory variables. We set, in

this section, the explanatory variables to their sample mean, leaving the discussion

of changes in these values to the next section.

[Insert Figure 2 here]

Inspection of Figure 2 reveals that, as expected, the country with the highest

Sharpe ratio has also the largest allocation to stocks, that is the UK where the

i.i.d. allocation of Case 1 implies about 55% in stocks for A = 5 and about 25% if

A = 10. These allocations are followed by Germany where the investor puts about

30% in the index (for A = 5) and Spain where the investor only risks 20% (still for

A = 5). Comparison between the left side of Figure 2 with the right part suggests

that less wealth will be invested into stocks when the risk aversion increases. Even

if the optimal weights vary with the level of risk aversion (comparing the left and

right hand sides of the figure), the relative patterns between the strategies remain

similar. For this reason, we focus from now on the discussion of the left hand side

plots of Figure 2.

The next consideration is the introduction of parameter uncertainty into the

case where returns are i.i.d. As the comparison between the dashed and dotted line

reveals, parameter uncertainty may play strong effects. For instance, for the UK,

the long term investor would decrease her allocation to stocks from 55% to 40%. For

Germany the impact would also be important with an allocation decreasing from

50% down to 40%. For Spain the effect would be somewhat less but still significant.
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A dramatic change in the allocation occurs however for some of the countries if

one takes into account predictability. For the UK, the investor would put all of his

wealth into the stock index, already with a 5-year horizon. For longer horizons, the

investor would be willing to purchase leveraged stock. Even for the short horizon

of one year, the effect is dramatic. Indeed, instead of investing 55% into stocks, the

investors who uses predictability in stocks would invest up to 75%. For Spain the

impact is also important, less so for the German investor.

The last case to discuss is the one where predictability and parameter uncertainty

are both accounted for. As already seen, the introduction of predictability decreases

the allocation to stocks. If one considers the case of A = 5, now the UK investor

no longer invests 100% into stocks but only about 85% for a horizon of 10 years.

The impact of parameter uncertainty undoes, therefore, some of the dramatic effect

of predictability. However, for the UK and Spain, for the 10-year allocation, the

investor would put significantly more wealth into stocks than for the i.i.d. case.

Interestingly, for Germany, the picture is somewhat different. There, predictability

is not so important, hence, parameter uncertainty leads to allocations similar to the

case without predictability.

3.4.2 Sensitivity of Portfolio Weights to the Explanatory Variables

In the case of predictable returns, the optimal allocation depends on the initial levels

of the state variables, here the dividend-price ratio and the inflation rate. As we

discussed analytically, at the beginning of Section 3.4, the correlation and magnitude

of the shocks to returns and the explanatory variables matter for the predictability

of returns. Thus, the effect of the dividend-price ratio is expected to be higher

given the level of correlation of shocks between the dividend-price ratio with shocks

in returns. Moreover, as equation (12) shows, the level of the explanatory variables

will matter through a direct effect on the expected return of the stock.

We will discuss now, for the various countries and the two explanatory variables,

how the allocations change if one changes the level of the explanatory variables,

which have been set so far at their average level. In all the cases, we will consider

plots where one takes the average, the average plus/minus 1 standard deviation,

and the average plus/minus 2 standard deviations. This choice of initial levels of

the explanatory variables appears to describe in a satisfactory manner the possible

range of those parameters.

Figure 3 displays the sensitivity of optimal portfolio weight to the initial level

of dividend-price ratio for the UK. The left part of the figure corresponds to the

plots of allocation where no parameter uncertainty is taken into account. In the

right part the allocations assume that the investor accounted for parameter risk.

The continuous line represents the allocations obtained for the average level of a

given explanatory variable. The dashed line represent the allocation for minus
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one standard deviation and the dashed line with pluses, the allocation for minus

two standard deviations. The dotted lines with crosses represent the allocation for

plus one standard deviation and the dotted line the one if one adds two standard

deviations to the average level. This set of conventions will also hold for the coming

figures.

[Insert Figure 3 here]

Figure 3 shows that there is significant sensitivity of the optimal allocation to

the initial values of the dividend-price ratio. Given the positive regression coefficient

of 1.34 in the regression of returns on lagged dividend-price ratio, one expects that,

when the dividend-price ratio is low relative to its historical mean, then future

expected returns are also low. In such a case, one would choose a more conservative

portfolio allocating less wealth to the stock market. Since the regression is linear

and the same for equation (12), we expect the opposite to hold for a high dividend-

price ratio, namely a high allocation to stocks. This is exactly the finding in Figure

3.

The next issue to be discussed is the convexity of the curves. First, it should be

noticed that, for low risk aversion (A = 5), the investor chooses extreme portfolio

weights, placing either 100% in stocks or 100% in the risk-free asset, for large de-

viations of the dividend-price ratio from its mean. Only for the case of an investor

with a high risk aversion (A = 20), one does not systematically saturate the upper

bound of 100% in stocks.

Next, we notice that the convexity of the curves changes with the level of the

explanatory variables. If one chooses a very high level for the explanatory variable, it

will have an important impact for an allocation where the horizon is just one year.

An investor, who focuses on the long term, such a level will not be sustainable.

The investor will know that the dividend-price ratio will converge towards its long-

run mean. In that case, the lasting impact will be weaker than for a short-term

allocation. It matters here, obviously, that the portfolio is based on a buy-and-hold

strategy. Thus, the allocation should be made under the assumption of an average

level of the explanatory variable. For instance, if the explanatory variable takes

a very low level, the investor will be very conservative if her horizon is short, but

the allocation will be based on some average level of the explanatory variable for a

long-term horizon.

For Germany and Spain, results for portfolio weights depending on initial levels

of dividend-price ratio are presented in Figures 4 and 5. We notice the same

sensitivity of portfolio weights as in the case of the UK for both Germany and

Spain: for higher than average dividend-price ratios, the allocation decreases with

the time horizon. However, when the estimation risk is incorporated, the sensitiv-

ity is reduced significantly at longer horizons due to higher parameter uncertainty.
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Considering an investment horizon of 10 years, it can be noticed that the portfolio

weights tend to converge regardless of the initial level of the dividend-price ratio or

inflation.

[Insert Figure 4 here]

[Insert Figure 5 here]

Figures 6 and 7 show, for Germany and Spain respectively, the sensitivity of

portfolio weights to initial levels of inflation. We observe uniformly that the higher

the initial inflation, the lower the allocation to stocks. This result was expected,

since inflation negatively affects future stock returns in both countries. Thus, for

a lower than average inflation, the investor expects higher cumulative predicted

returns, and thus allocates more to stocks. The slope of the curve is negative for very

low initial inflation levels, alike the case when the initial level of the dividend-price

ratio is high. For average and higher than average inflation levels, the allocation to

stocks increases with the investment horizon.

[Insert Figure 6 here]

[Insert Figure 7 here]

When estimation risk is taken into account, the allocation to stocks decreases.

However, as Figure 3 reveals, since UK estimation risk is low, this effect is barely

noticeable over our sample. There is however a tendency to have less sensitivity to

initial conditioning values for cases with greater levels of uncertainty as time horizon

increases, as confirmed by Barberis (2000) for the US. This result is easier to detect

in the case of Spain and is very strong in the case of Germany. For Germany,

as noticed in Figures 5 and 7, because of the high uncertainty, the allocation to

stocks converges faster to the one obtained for the average level of the explanatory

variable for long investment horizons. Another important effect of estimation risk is

observed for Germany: there, the portfolio weights are not monotonic in the initial

values of the predictor variables. For high initial values of dividend-price ratio, the

investor allocates less than for lower values (or in the case of inflation, for lower

initial values of inflation the investor allocates less than for higher values). The

intuition behind this result may be found in Stambaugh (1999) or Barberis (2000).

These authors argue that the presence of a time-changing parameter in the regression

implies for returns a non-normal distribution. More precisely, if one focuses on the

dividend-price ratio, one knows that, because of the negative regression coefficient,

a high level will lead to low future returns. The explanatory variable thus induces

like a change in the mean while the error terms remain Gaussian. From a time-

series point of view, this means that the distribution of returns alone becomes a

mixture of distributions and the skewness thereof will be negative because returns

will be on the low (negative) side. Clearly, given that one optimizes the portfolio
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using a CRRA utility function, as shown by Jondeau and Rockinger (2006), one

expects a decreased allocation to stocks for negatively skewed returns. The same

negative skewness could be introduced for low levels of inflation, explaining the

non-monotonicity in this case.

At this point, we now discuss the tendencies for the other countries. We first

notice that all countries present mean reversion in stock returns in the sense that

the conditional standard deviation decreases with the investment horizon.17

The countries with the highest speed of mean reversion, after the UK, are Nether-

lands and Norway with a ratio of 10-year to 1-year conditional standard deviations

of 0.74 for Netherlands and 0.72 for Norway. The next group is France, Switzerland,

and Sweden with ratios of 0.84, 0.86, and 0.84. The lowest speed of mean reversion

in stock returns is recorded for Germany, Italy, Denmark, and Spain with ratios

of 0.90, 0.91, 0.95, and 0.98. All these countries have the tendencies presented in

Figure 2, with some countries allocating less to stocks at long horizons in the case of

predictability and parameter uncertainty than in the i.i.d. case (the cases where the

estimation risk is higher), with the extreme case of Germany, which was presented

above.

It should be noticed that the result which states that predictability of stocks leads

to increased allocations in stocks is mainly driven by the inclusion of the dividend-

price ratio in the set of predictors. This leading role played by the dividend-price

ratio comes from the highly negative correlation between shocks in dividend-price

ratios, shocks in returns, and the positive coefficient in the VAR system. This may

explain why in the literature dealing with portfolio choice under predictable returns,

the dividend-price ratio is always included in the set of explanatory variables. Obvi-

ously, the argument by Cochrane (2009) that testing for statistical significance of the

dividend-price ratio is a difficult task due low power in the test is also of relevance.

The results presented in this section tend to suggest that even if parameters have

small point estimates and are possibly statistically insignificant, from an economic

point of view, they may nonetheless play an important role. These findings sug-

gest that less emphasis should be put on statistical tests if the dividend-price ratio

matters and more on the economic relevance of this variable for actual allocations.

3.5 Results for the Dynamic Investment Strategy

We now turn to the results regarding the dynamic allocation problem. As in the

previous sections, we will focus now on Germany, the UK, and Spain and will present

the results for the reduced model, the one that used dividend-price ratio (for the

UK) and both the dividend-price ratio and the inflation rate (for Germany and

17For Denmark and Spain, there exists mean reversion in stock returns, but in the sense that
the line of conditional standard deviation decreases for investment horizons higher than 2 years in
the case of Denmark and higher than 6 years in the case of Spain.
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Spain).

3.5.1 Optimal Portfolio Choice

Figure 8 shows the optimal weight for the UK investor in the cases without pa-

rameter uncertainty (in the left part) and with parameter uncertainty (in the right

part) for different initial values of dividend-price ratio.18 The continuous line shows

the allocation for an initial level of the dividend-price ratio equal to its historical

average.

[Insert Figure 8 here]

The figure shows that there is a pattern similar to the one observed in the buy-

and-hold case when the initial value of the dividend-price ratio is set at its long-run

average (see also Figure 3): the allocation to stocks increases with the time horizon.

This pattern is obtained whether parameter uncertainty is taken into account or not.

The reason for this is again the positive coefficient of the dividend-price ratio in the

VAR system and the negative correlation between the shocks. However, contrary

to the buy-and-hold strategy, the monotone increasing shape of the allocation holds

for all initial values of the dividend-price ratio. Clearly, for lower than average

dividend-price ratios, the investor allocates less to stocks than in the case of an

initial dividend-price ratio held at its historical average. The systematic increase

in optimal portfolio weights with time horizon is due to the so-called intertemporal

hedging demand first discussed by Merton (1973). Imagine a strong drop in stock

returns. Because of the negative and strong correlation of −0.9 between the return

shocks and the dividend-price ratio shocks, it is very likely that the dividend-price

ratio will increase. Now, if the divided-price ratio increases, this signals higher

future returns (due to the positive coefficient in the VAR). The implication is that

the investor can at that moment consider investing more in stocks and thereby hedge

the suffered drop in stocks. Thus, a more aggressive strategy may be adapted at

the inception of the portfolio, if the investor faces a long time horizon since future

drops in the stock may be hedged by future reallocations. If one compares carefully

Figure 3 with Figure 8 and focuses on the long-horizon allocation of 10 years (taking

for instance the case without parameter uncertainty), one notices that for the buy-

and-hold investor the allocation to stocks would be about 50% (A = 10). In the

case of the investor who dynamically allocates her wealth, this amount increases up

to 85% (still A = 10). This represents a huge difference and indeed, this would be

consistent with the ability of the investor to time the market.

18As previously, the five levels of the explanatory variable are the average, the average plus/minus
1 standard deviation, and the average plus/minus 2 standard deviations. Careful observation of
this and the coming figures shows that there are slight kinks in the curve. These come from the
discretization of the state space.
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When estimation risk is considered, as displayed in the right part of Figure 8,

the allocation to stocks decreases compared to the case when it is not taken into

account and the allocation curves are flatter since the investor is more uncertain

about the predictive power of the dividend-price ratio for future stock returns. The

argument for hedging demand is therefore still present but not as strongly as before.

The results for Spain and Germany are presented next. Figures 9 and 10 display

the optimal allocation when the dividend-price ratio and inflation rate are kept at

their historical average.

[Insert Figure 9 here]

[Insert Figure 10 here]

First, we compare Figure 9 with its buy-and-hold counterpart contained in

Figure 2. Whereas the buy-and-hold allocation for Spain varies in an inverse U

shape between 40% and 50% for an investor with A = 3 and between 20% and 30%

with A = 5, in Figure 9 the allocations (taking parameter uncertainty into account)

increase monotonically from 65% to 77% if A = 3 and from 42% to 50% if A = 5.

The allocations to stocks are therefore between some 40% (A = 3) and 20% (A = 5)

higher in the case of Spain. This represents clearly a significant change.

If we compare Figure 10, for Germany with its counterpart in Figure 2, we

notice for the short term a much smaller difference than for Spain or for the UK.

The main difference is that the allocation increases now monotonically with the time

horizon for the dynamic allocation whereas it decreased previously.

Next, if we compare the left part (parameter uncertainty is ignored) with the

right part (parameter uncertainty is integrated out) of Figures 9 and 10, we notice

that the allocations are rather similar except for Germany and the case of an investor

with a high level of risk aversion. The figures thus show that, unlike the buy-and-

hold case, where parameter uncertainty played a role, in the dynamic allocation

case, it is too small to play any sizeable role. One possible reason is that in the

dynamic setting the investor has the possibility to rebalance the portfolio every year.

Now, if the parameter gets rebalanced, it means that the level of the state variable

has changed quite significantly from last year. Therefore, the allocation becomes

similar to an allocation with a very short time horizon for which we have seen, even

for the buy-and-hold strategy, that the impact of parameter uncertainty is small. In

other words, it appears that the changes in the state variable and in the resulting

allocation dominate the effect of parameter uncertainty. Whereas changes in the

state variable appears to play a first order effect, parameter uncertainty then plays

a second order effect.

Still, we need to remind that in this case we do not fully incorporate learning

about parameters and about their uncertainty. We expect that estimation risk might

have a bigger impact if this full learning was incorporated.

31



3.5.2 Sensitivity of Portfolio Weights to the Explanatory Variables

Figures 11 and 12 show the sensitivity of portfolio weights to initial values of the

predictor variables for Germany. We only present the results for Germany since the

ones for the UK and Spain are qualitatively similar.

[Insert Figure 11 here]

[Insert Figure 12 here]

The results for Germany are similar to the buy-and-hold case: the allocation to

stocks increases with the time horizon, but again this happens for all different initial

levels of predictors, unlike in the buy-and-hold case. The allocation is monotonic in

the initial values of the predictor variables and the same trends as in the buy-and-

hold case are observed: for higher initial dividend-price ratio, the investor allocates

more to stocks than for an initial value equal to the historical average of the dividend-

price ratio; and for lower than average initial inflation, the investor allocates more

to stocks than in the case of average initial inflation. To conclude, the hedging

demands are very small and decrease as the level of risk aversion increases.

As discussed earlier, in the dynamic allocation case, a high correlation between

the cumulative excess return and next-period state variables and a high next-period

utility are important to yield horizon effects. Without such a high correlation, the

allocation is essentially independent from the investment horizon, since the next-

period utility has no impact on a given period portfolio weight. Therefore, the

higher the correlation between the cumulative excess return and next-period state

variables, the higher the horizon effects. This correlation depends on the VAR

coefficients and variance-covariance matrix of error terms and reaches the highest

level for UK data.

It is interesting to identify the factors which render hedging demands and horizon

effects for Spain and Germany significantly smaller than for the UK. As mentioned

in a previous section, the Sharpe ratio for stocks is the highest for the UK market,

and the coefficient of dividend-price ratio in the VAR system is also the highest

(as seen in Table 5) amongst these countries. Last but not least, the UK has

the highest initial correlation between unexpected excess returns and shocks in the

dividend-price ratio. All these characteristics have an important impact in dynamic

allocation. Since the risk-free rate has comparable levels across countries, but the

UK has the highest Sharpe ratio, the UK investor allocates more to stocks in the

case of both buy-and-hold and dynamic investment strategies. Together with the

high coefficient on the dividend-price ratio and high negative correlation, UK stocks

become a very good hedge against variation in their future returns. These factors

together have a weaker impact for the other countries, leading to smaller hedging

demands.

32



4 Conclusion

This paper investigates the role of predictability and parameter uncertainty for long-

term allocations with a focus on European countries. From a methodological point

of view, we consider linear relations and use a Bayesian setting with diffuse priors to

integrate uncertainty out. We also allow for both a buy-and-hold strategy as well as

a dynamic rebalancing strategy. All the reported investigations are calibrated with

data sampled at a monthly frequency.

A first investigation considers predictability both in and out of sample. We

confirm the findings already reported in the literature, for different datasets, that

there is empirical evidence for predictability of returns by the dividend-price ratio.

Predictability of the dividend-price ratio is particularly strong for the UK market.

For several countries we also obtain that inflation predicts returns. As one turns to

the out-of sample analysis, predictability appears to be rather weak.

Theoretical arguments of Cochrane (2001) suggest, however, that the dividend-

price ratio should have predictive power for returns. To investigate the economic

relevance of this weak predictability, we focus on just three countries that have

different characteristics in terms of parameter uncertainty, predictive variables, and

correlation structure of the innovations, namely the UK, Germany, and Spain.

Considering the buy-and-hold strategy, we obtain that predictability and param-

eter uncertainty plays a significant role especially for long time horizons. In certain

cases, such as Germany, parameter uncertainty may undo the effect of predictabil-

ity. However, for the UK and Spain, the tendency is that predictability is so strong

that, even if one takes parameter uncertainty into account, the resulting allocations

differ from the ones of an investor who would neglect predictability and parameter

uncertainty.

When we turn to the dynamic allocation, where portfolios may be rebalanced

each year (still maintaining the monthly calibration), we obtain quite dramatic

effects in comparison with the buy-and-hold strategy. Intuitively, an allocation that

cannot be modified over the next ten years should be more conservative than one

where the position can be modified regularly. Thus, regular rebalancing allows the

investor to carry more risk. Another important feature we obtain is that parameter

uncertainty may play only a second-order effect in comparison with the first-order

effects that stem from variations in the explanatory variables. This observation is

consistent with the one concerning the buy-and-hold strategy where for the short-

term uncertainty plays a relatively small role.

We conclude that overall, even though we obtain little statistical evidence for

out-of-sample predictability, once one implements a dynamic strategy based on the

point estimates, there is indeed economic relevance. Such observations may be of

relevance for the ongoing debate on pension funds and the type of strategy that

they should use.
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5 Appendix

5.1 Appendix 1: Description of the data

We follow in our construction Campbell and Viceira (1999), and Bec and Gollier

(2009). The data for equity price indices (PI) and return indices (RI) at monthly

frequency comes from the Morgan Stanley Capital International (MSCI) database

available on Datastream. This data starts in December 1969.

The macro data is also collected at monthly frequency. The monthly Consumer

Price Indices (CPI) comes from the OECD statistics. The interest rates are from

the International Monetary Fund (IMF) - International Financial Statistics (IFS)

CD-ROM. For the long-term interest rate (ltir), we use the monthly series of 10-year

Government bond yields. For the short-term interest rates (stir), we use different se-

ries of rates according to their availability: the call money rate for France, Germany,

Denmark, Netherlands, and Spain; the money market rate for Italy, Switzerland,

and Norway; the overnight interbank rate for the UK; the 3-month Treasury discount

note rate for Sweden.

The sample of macro data starts in January 1975 for all the countries, except

Switzerland (September 1975) and Spain (March 1975). The sample ends in April

2008. The period January 2005 to April 2008 is used for the out-of-sample investi-

gation.

The monthly total return series and dividend series are obtained using the fol-

lowing methodology: The dividend yield for each month is calculated as

DYt = (RIt/RIt−1)/(PIt/PIt−1)− 1.

The dividend for each month is calculated as

Dt = DYt × PIt.

The dividend-price ratio, calculated as the ratio of the dividends over the past year

to the current price, is defined as

dpt =
1

PIt

11�

i=0

Dt−i.

The log inflation over the last year (π) is computed from the monthly CPI for each

month, as:

π = log(CPIt/CPIt−12).

The log inflation over the month or period log inflation (πp) is computed from the

monthly CPI for each month, as:

πp = log(CPIt/CPIt−1).
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The dependent variable is the log excess return on equities (r) defined as the dif-

ference between the log return on equities (Rt) and the log of short term nominal

interest rate (r0) (which is a proxy for the risk free rate)

rt = log(PIt+1 + Dt)− log(PIt)− r0,

r0 = log(1 + stir)/12.

The set of explanatory variables used to explain excess return is given by:

• log excess return on bonds (rb) - computed using the long-term bond return

(LTret) based on the log-linear approximation technique described in Camp-

bell, Lo, and MacKinlay (1997, Chapter 14):

rb = LTret− r0.

• log short-term real interest rates (rf )

rf = r0 − πp.

• log dividend-to-price ratio (dp), computed as above.

• the spread (spr) between the long-term bond yield and short-term interest

rate:

spr = ltirp− r0,

where ltirp = log(1 + ltir)/12.

• the log yearly inflation (π).

5.2 Appendix 2: Out-of-sample Performance Measures

We computed the following performance measures:

• the root mean squared error (RMSE). If one denotes by Yt the observed

return and by Ŷt its predictor, the forecast error is εt = Yt − Ŷt. The RMSE

measures the square root of the average of the squared difference between the

estimator and the variable to be estimated,

RMSE =

���� 1

df

T�

t=1

ε
2
t ,

where df is the degree of freedom of the residual term, computed as the dif-

ference between the number of observations (T ) and the number of regressors

(n) used in regression (1).

35



• we follow Bossaerts and Hillion (1999) and consider the out-of-sample regres-

sion Yt = a + bŶt + εt, for which we present the t-test of the coefficient of the

predicted returns (denoted by tstat2) and the R
2. Ideally, high values for

tstat2 and R
2 are desired.

• the percentage of correct predictions of the sign of returns (corrs). This in-

dicator measures the percentage of occasions when we were able to predict

whether one would make a profit by investing in equities if stock markets are

predicted to go up:

corrs =
100

T
×

T�

t=1

1{Yt×Ŷt>0}.

The preferred model is the one with the highest value of the corrs indicator.

• the percentage of correct predictions of variations of returns as compared with

the current return and this independently of the sign of returns (corrupd).

This indicator displays the frequency of correct prediction of future returns

with respect to the current return:

corrupd =
100

T
×

T−1�

t=1

1
{((Yt+1

Yt
>=1) ∧ (

Ŷt+1
Ŷt

>=1)) ∨ ((
Yt+1

Yt
<1) ∧ (

Ŷt+1
Ŷt

<1))}
,

where ∧ is the logical and, the symbol ∨ denotes the logical or. According to

this indicator, the preferred model is the one with the highest corrupd value.

• Akaike’s information criterion (AIC):

AIC = T log
SSE

T
+ 2n,

where SSE is the sum of squared errors. The preferred model using this

criterion is the one with the lowest AIC value.

• Schwarz’s Bayesian information criterion (BIC):

BIC = T log
SSE

T
+ n log T.

According to this criterion, we prefer the model with the lowest BIC value.

5.3 Appendix 3: Numerical integration

Whenever possible, for reasons of speed, we compute integrals by Gaussian Quadra-

ture. The Gaussian Quadrature is a class of integration techniques used to compute

an approximation to the integral

� b

a

F (x)ρ(x)dx �
M�

j=1

wjF (xj),
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where F (x) is a function to be integrated, ρ(x) is some weighting scheme. The

Gaussian integration, thus, proposes a weighing scheme wi and abscissa xi, i.e.

points where the function F (x) should be evaluated. Typically, the approximation

of the integral will be exact if F (x) is a polynomial of degree lower than 2M, where

M is the number of quadrature points used for the approximation. In this paper,

we have to deal with integrals of the type

� +∞

−∞
F (x)e−x2

dx. (15)

For such cases, that is when ρ(x) = e
−x2

, a = −∞, and b = +∞, the Gauss-Hermite

Quadrature rule is optimal. For instance, if one has to integrate

I =

� ∞

−∞
F (x)

1√
2πσ

e
− (x−µ)2

2σ2 dx, (16)

one considers the change of variable:

y =
x− µ

σ
√

2
or x = σ

√
2y + µ,

so that the integral in Equation (16) becomes:

I =
1√
π

� ∞

−∞
F (σ

√
2y + µ)e−y2

dy.

Now, I can be approximated using Gauss-Hermite weights and abscissa

I � 1√
π

n�

i=1

wiF (σ
√

2xi + µ).

For the optimization problem used in this paper, we have

F (x) = F (RT+T̂ ) =
{(1− ω) exp(rf T̂ ) + ω exp(rf T̂ + RT+T̂ )}1−A

1− A
,

and

ρ(x) = p(RT+T̂ |z, θ̂).

By using just a few points, it is possible to evaluate the integrals with a high degree

of accuracy.

5.4 Appendix 4: Moments of Cumulative Returns

We describe in this appendix how to compute the covariance matrix between the

cumulative return Rt+k and the state variables xt+k. We begin with the case of one
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state variable only. For this purpose, we consider the following VAR(1) system for

zt = (rt xt)
�:

zt = a + Bzt−1 + εt,

εt =

�
εr,t

εx,t

�
i.i.d.∼ N(0, Σ),

and Σ =

�
V ar(εr) Cov(εr, εx)

Cov(εr, ε
�
x) V ar(εx)

�
.

Iterating forwards gives:

zt+k = a + Ba + B
2
a + ... + B

k−1
a + B

k
zt (17)

+ B
k−1

εt+1 + B
k−2

εt+2 + ... + Bεt+k−1 + εt+k,

and

Zt+k = zt+1 + zt+2 + ... + zt+k (18)

= [k + (k − 1)B + (k − 2)B2 + ... + B
k−1]a + (Bk + B

k−1 + ... + B)zt

+ (I + B + ... + B
k−1)εt+1 + (I + B + ... + B

k−2)εt+2 + · · ·
+ (I + B)εt+k−1 + εt+k,

where zt+k =
�

rt+k xt+k

��
and Zt+k =

�
Rt+k Xt+k

��
. Thus, zt+k contains

the k-period ahead variables, while Zt+k is the vector of k-period ahead cumulative

variables.

Conditional on a, B, and Σ, we observe that the distributions of zt+k and Zt+k

are given by zt+k ∼ N(µz, Σz) and Zt+k ∼ N(µZ , ΣZ) respectively, where:

µz = a + Ba + B
2
a + ... + B

k−1
a + B

k
zt

Σz = B
k−1ΣB

k−1� + B
k−2ΣB

k−2� + ... + BΣB
� + Σ,

and

µZ = [k + (k − 1)B + (k − 2)B2 + ... + B
k−1]a + (Bk + B

k−1 + ... + B)zt,

ΣZ = Σ + (I + B)Σ(I + B)� + (I + B + B
2)Σ(I + B + B

2)� + · · ·
+ (I + B + B

2 + ... + B
k−1)Σ(I + B + B

2 + ... + B
k−1)�.

Then, we easily obtain the mean and variance of R
t+k

and xt+k:

µR = µZ(1), σ
2
R = ΣZ(1, 1),

µx = µz(2), σ
2
x = Σz(2, 2).

The covariance Cov(xt+k, Rt+k), can be obtained by noticing that both zt+k and

Zt+k are functions of the same error terms εt+i, with i = 1, · · · , k. Since εt is i.i.d.,
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we have Cov(εt+i, εt+j) = 0 for i �= j, and Cov(εt+i, εt+i) = Σ. We denote the

coefficient multiplying εt+i in the formula of zt+k by cz
i (Equation (17)) and the

coefficient of εt+i in the formula of Zt+k by cZ
i (Equation (18)). Then, since these

coefficients are matrices, we write the i
th component of the formula of zt+k and Zt+k

as: �
cz

i
11

cz
i
21

cz
i
12

cz
i
22

� �
εr,t+i

εx,t+i

�
=

�
cz

i
11 εr,t+i + cz

i
12 εx,t+i

cz
i
21 εr,t+i + cz

i
22 εx,t+i

�
,

and �
cZ

i
11

cZ
i
21

cZ
i
12

cZ
i
22

� �
εr,t+i

εx,t+i

�
=

�
cZ

i
11 εr,t+i + cZ

i
12 εx,t+i

cZ
i
21 εr,t+i + cZ

i
22 εx,t+i

�
.

Since zt+k and Zt+k involve a sum of these elements from i = 1, · · · , k and given

that Rt+k is the first element of Zt+k and xt+k is the second element of zt+k, we have

σxR = Cov(xt+k, Rt+k) =
k�

i=1

Cov(czi
21 εr,t+i + cz

i
22 εx,t+i, cZ

i
11 εr,t+i + cZ

i
12 εx,t+i)

=
k�

i=1

[czi
21 cZ

i
11 V ar(εr) + cz

i
21 cZ

i
12 Cov(εr, εx)

+ cz
i
22 cZ

i
11 Cov(εr, εx) + cz

i
22 cZ

i
12 V ar(εx)].

Now, all the elements to determine the distribution of Rxt+k =
�

Rt+k xt+k

��
are

known:

Rxt+k ∼ N (µRx, ΣRx) ,

with

µRx =
�

µR µx

��
,

ΣRx =

�
σ

2
R σxR

σxR σ
2
x

�
.

In the case of two state variables, denoted by x1t and x2t, we need the distribution

of Rx1x2t+k ≡
�

Rt+k x1t+k x2t+k

��
. We set

µRx1x2 =
�

µR µx1 µx2

��
,

ΣRx1x2 =




σ

2
R σx1R σx2R

σx1R σ
2
x1 σx1x2

σx2R σx1x2 σ
2
x2



 .

The method explained above for computing the covariances can then be implemented

for this case or even for the general case involving n state variables.
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5.5 Appendix 5

In this appendix, we summarize the pdfs used in specifying the distribution of model

parameters.

• Inverted Gamma pdf for the case of σ

IG(σ, v, s) =
2

Γ(v/2)

�
vs

2

2

�v/2 1

σv+1
exp

�
− vs

2

2σ2

�
.

• Inverted Wishart distribution: G ∼ IW (v, H) if its density function is

given by

IW (G | v, H) = k1
|H|v/2

|G|(v+m+1)/2
exp

�
−1

2
tr G

−1
H

�
, |G| > 0,

with

k1 = {2vm/2
π

m(m−1)/4Πm
i=1Γ[(v + 1− i)/2]}−1

, v ≥ m.

• Matricvariate Normal distribution (MN): If X denotes a p × q random

matrix, X ∼MN(vec(M), Q⊗ P ) if its density function is given by:

p(X | M, Q⊗ P ) = K exp

�
−1

2
tr[Q−1(X −M)�P−1(X −M)]

�
,

with

K = [(2π)pq|P |q|Q|p]−1/2
.

• Univariate Student Distribution pdf: X ∼ t(µ, s,m, v) if its density

function is given by:

ft(x | µ, s,m, v) = C
−1[s + m(x− µ)2]−(v+1)/2

,

with

C =
Γ(v

2)

Γ(v+1
2 )

π
1/2

s
−v/2

m
−1/2

.

Clearly, this definition differs from the one used traditionally in statistics.
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Captions

Table 1: This table reports for each country the extended regression, which includes

a lag of the market return, of the risk-free rate, of the bond yield, of the dividend-

price ratio, of the spread between the long-term and short-term rates, and of the

inflation rate. For each regressor, the first row corresponds to the parameter esti-

mates, the second row to the p-value of the estimate. The table also reports several

summary statistics about the regression, described in the text and in Appendix 2.

The sample period is 1.1975–12.2004.

Table 2: This table reports for each country the reduced regression, which includes

a lag of the market return, of the dividend-price ratio, and of the inflation rate. For

each regressor, the first row corresponds to the parameter estimates, the second row

to the p-value of the estimate. The table also reports several summary statistics

about the regression, described in the text and in Appendix 2. The sample period

is 1.1975–12.2004.

Table 3: This table reports for Germany, the UK, and Spain the extended regression

over two subsamples. Sample 1 refers to the period 1.1975–12.1984. Sample 2 refers

to the period 1.1995–12.2004. The table also reports several summary statistics

about the regression, described in the text and in Appendix 2.

Table 4: This table reports for each country summary statistics about the out-of-

sample performance of the extended regression. The summary statistics are de-

scribed in the text and in Appendix 2. Panel A refers to the out-of-sample per-

formance measures if parameters are estimated between 1.1975–12.2004 and then

kept constant. Panel B refers to the regressions where the parameters are obtained

for increasing samples, the first observation being January 1975. The out-of-sample

period is 1.2005–4.2008.

Table 5: This table reports for Germany, the UK, and Spain results of the multi-

variate regression. Panel A presents for each regressor the parameter estimate with

the p-values in parenthesis below. Panel B summarizes the posterior distribution of

the parameters (matrix C) and the covariance matrix of the error terms (matrix Σ):

For matrix C, the table reports for each predictor the mean of posterior distribution

with the standard deviation in parenthesis below. For matrix Σ, the table reports

the correlations above the diagonal (in bold), and the standard deviations are pre-

sented below the means in parenthesis. Panel C presents the posterior distribution

results in the case of i.i.d. returns.

Figure 1: The figure displays for Germany, the UK, and Spain the conditional and

posterior values for annualized standard deviations for various horizons. The results

refer to the multivariate regression reported in Table 5. The full line represents the
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case where parameter uncertainty is ignored whereas the dashed line corresponds to

the case where parameter uncertainty is accounted for.

Figure 2: The figure displays for Germany, the UK, and Spain the optimal portfolio

weights for various values of the risk aversion A and several time horizons of the allo-

cation. The thin lines correspond to the case where predictability is not accounted

for (i.i.d. returns): the dashed line corresponds to the case where uncertainty is

ignored, and the dotted one to the case where parameter uncertainty is accounted

for. The thick lines correspond to the case where future returns are predictable: the

line without marks corresponds to the case where parameter uncertainty is ignored

and the line with crosses corresponds to the case where parameter uncertainty is

integrated out.

Figure 3: The figure displays the sensitivity of portfolio weights to the initial

dividend-price ratio for the UK for various values of the risk aversion A and time

horizons. The five lines correspond to different initial values of dividend-price ra-

tio: 1.45% (dotted), 2.65% (dotted with crosses), 3.84% (full, historical average),

5.03% (dashed), 6.22% (dashed with pluses). These levels are the historical aver-

age plus/minus one and two standard deviations. The plots in the left do not take

estimation risk into account, while those in the right do.

Figure 4: The figure displays the sensitivity of portfolio weights to initial dividend-

price ratio for Spain for various values of the risk aversion A. The five lines corre-

spond to different initial values of dividend-price ratio: 0% (dotted), 1.95% (dotted

with crosses), 5.42% (full, historical average), 8.89% (dashed), 12.36% (dashed with

pluses). These levels are the historical average plus/minus one and two standard

deviations. The plots in the left do not take estimation risk into account, while

those in the right do. levels.

Figure 5: The figure displays the sensitivity of portfolio weights to initial dividend-

price ratio level for Germany for various values of the risk aversion A. The five

lines correspond to different initial values of dividend-price ratio: −0.7% (dotted),

1.5% (dotted with crosses), 2.45% (full, historical average), 3.32% (dashed), 4.2%

(dashed with pluses). These levels are the historical average plus/minus one and two

standard deviations. The plots in the left do not take estimation risk into account,

while those in the right do.

Figure 6: The figure displays the sensitivity of portfolio weights to initial inflation

level for Spain for various values of the risk aversion A. The five lines correspond

to different initial values of inflation: −3.14% (dotted), 2.4% (dotted with crosses),

7.9% (full, historical average), 13.5% (dashed), 19% (dashed with pluses). These

levels are the historical average plus/minus one and two standard deviations. The
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plots in the left do not take estimation risk into account, while those in the right

do.

Figure 7: The figure displays the sensitivity of portfolio weights to initial inflation

level for Germany for various values of the risk aversion A. The five lines correspond

to different initial values of inflation: −0.78% (dotted), 0.96% (dotted with crosses),

2.7% (full, historical average), 4.45% (dashed), 6.19% (dashed with pluses). These

levels are the historical average plus/minus one and two standard deviations. The

plots in the left do not take estimation risk into account, while those in the right

do.

Figure 8: The figure displays the optimal rebalancing for a UK investor for various

values of the risk aversion A. The lines represent different initial dividend-price

ratios: 2.65% (dashed with pluses), 3.24% (dashed), 3.84% (continuous - historical

average), 4.44% (dotted with crosses), 5.03% (dotted). The plots in the left do not

take estimation risk into account, while those in the right do.

Figure 9: The figure displays the optimal rebalancing for a Spanish investor for

various values of the risk aversion A. The results are presented for initial values of

predictor variables equal to their historical averages. The plots in the left do not

take estimation risk into account, while those in the right do.

Figure 10: The figure displays the optimal rebalancing for a German investor for

various values of the risk aversion A. The results are presented for initial values of

predictor variables equal to their historical averages. The plots in the left do not

take estimation risk into account, while those in the right do.

Figure 11: The figure displays the sensitivity of portfolio weights to initial dividend-

price ratio level for Germany for various values of the risk aversion A. The five lines

correspond to different initial values of dividend-price ratio: 1.4% (dashed with

crosses), 1.92% (dashed), 2.45% (continuous, historical average), 2.97% (dotted with

pluses), 3.5% (dotted). The plots in the left do not take estimation risk into account,

while those in the right do.

Figure 12: The figure displays the sensitivity of portfolio weights to initial inflation

level for Germany for various values of the risk aversion A. The five lines correspond

to different initial values of inflation: 0.6% (dashed with crosses), 1.65% (dashed),

2.71% (continuous, historical average), 3.75% (dotted with pluses), 4.79% (dotted).

The plots in the left do not take estimation risk into account, while those in the

right do.
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Figure 1: Conditional and posterior values for annualized standard deviations.
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Figure 2: Buy-and-hold portfolio choice.
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Figure 3: Sensitivity of portfolio weights to the initial dividend-price ratio for UK.
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Figure 4: Sensitivity of portfolio weights to the initial dividend-price ratio for Spain.
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Figure 5: Sensitivity of portfolio weights to initial dividend-price ratio level for
Germany.
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Figure 6: Sensitivity of portfolio weights to the initial inflation level for Spain.
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Figure 7: Sensitivity of portfolio weights to the initial inflation level for Germany.
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Figure 8: Optimal rebalancing for the UK investor.
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Figure 9: Optimal rebalancing for the Spanish investor.

60



0 5 10

55

60

65
A=3

0 5 10
50

55

60

A=3

0 5 10
30

35

40

A=5

0 5 10

30

35

40
A=5

0 5 10
12
14
16
18
20
22
24

A=10

0 5 10
12
14
16
18
20
22

A=10

Figure 10: Optimal rebalancing for a German investor.
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Figure 11: Sensitivity of portfolio weights to the initial dividend-price ratio level for
Germany.
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Figure 12: Sensitivity of portfolio weights to the initial inflation level for Germany.

63


